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1. Introduction
In 1940, on a talk given at Wisconsin University, S.M. Ulam posed the following problem: “Under what conditions does
there exist an additive mapping near an approximately additive mapping?” (for more details see [26]). A year later, D.H. Hy-
ers in [8] gave an answer to the problem of Ulam for additive functions deﬁned on Banach spaces.
“Let E1, E2 be two real Banach spaces and ε > 0. Then for every mapping f : E1 → E2 satisfying∥∥ f (x+ y) − f (x) − f (y)∥∥ ε (1.1)
for all x, y ∈ E1 there exists a unique additive mapping g : E1 → E2 with the property∥∥ f (x) − g(x)∥∥ ε, ∀x ∈ E1.” (1.2)
After Hyers’ result many papers dedicated to this topic, extending Ulam’s problem to other functional equation and
generalizing Hyers’ result in various directions, were published (see, e.g., [3,4,6,7,9,10,20]). A new direction of research in
the stability theory of functional equations, called today Hyers–Ulam stability, was opened by the papers of Aoki and Rassias
by considering instead of ε in (1.1) a function depending on x and y [2,21]. C. Alsina and R. Ger were the ﬁrst authors who
investigated the Hyers–Ulam stability of a differential equation (see [1]). They have proved that for every differentiable
mapping f : I → R satisfying | f ′(x) − f (x)|  ε for every x ∈ I , where ε > 0 is a given number and I is an open interval
of R, there exists a differentiable function g : I → R with the property g′(x) = g(x) and | f (x) − g(x)|  3ε for all x ∈ I .
The result of Alsina and Ger was extended by Miura, Miyajima and Takahasi [15,16,24] and by Takahasi, Takagi, Miura
and Miyajima [25] to the Hyers–Ulam stability of the ﬁrst order linear differential equation and linear differential equation
of higher order with constant coeﬃcients. Furthermore S.-M. Jung [11–13] has obtained results on the stability of linear
differential equations extending the results of Takahasi, Takagi and Miura. I.A. Rus has proved some results on the stability
of differential and integral equations using Gronwall lemma and the technique of weakly Picard operators [22,23]. Recently
G. Wang, M. Zhou, L. Sun [27] and Y. Li, Y. Shen [14] proved the Hyers–Ulam stability of the linear differential equation of
the ﬁrst order and the linear differential equation of the second order with constant coeﬃcients by using the method of
integral factor.
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differential equation of n-th order with constant coeﬃcients. The goal of this paper is to improve the results obtained by
Takahasi, Takagi, Miura, Miyajima and Jung for the stability of the linear differential equation [12,15,16,25] and the results
obtained by D.S. Cîmpean and D. Popa in [5].
In what follows I = (a,b), a,b ∈ R ∪ {±∞}, is an open interval in R, c ∈ [a,b], C ∈ R, (X,‖ · ‖) is a Banach space over
the ﬁeld K (K is one of the ﬁelds R or C), f ∈ C(I, X), λ ∈ C(I, K ) and ε ∈ C(I,R) with ε  0. We deal with the stability of
the linear differential equation
y′(x) − λ(x)y(x) = f (x), x ∈ I, (1.3)
and the stability of the linear differential equation of high order with constant coeﬃcients.
Deﬁnition 1.1. Let ϕ : I → [0,∞) be a given mapping. Eq. (1.3) is said to be stable in Aoki–Rassias sense if there exists a
mapping ψ : I → [0,∞), depending only on ϕ and Eq. (1.3), such that for every function y ∈ C1(I, X) satisfying the relation∥∥y′(x) − λ(x)y(x) − f (x)∥∥ ϕ(x), x ∈ I, (1.4)
there exists a solution u ∈ C1(I, X) of Eq. (1.3) such that∥∥y(x) − u(x)∥∥ψ(x), x ∈ I.
In the case where ϕ and ψ are constant functions Eq. (1.3) is called stable in Hyers–Ulam sense. In other words Eq. (1.3)
is stable in Aoki–Rassias (or Hyers–Ulam) sense if for every solution of the perturbed problem (1.4) there exists a solution
of Eq. (1.3) that is close to it. The results on Hyers–Ulam stability of functional equations are in connection with the notion
of shadowing and perturbation of a dynamical system (see [17–19]).
2. Main result
In what follows by 
z we denote the real part of the complex number z. For a function g : (a,b) → X deﬁne g(b) :=
limx→b g(x) and g(a) := limx→a g(x), if the limits exist. Let L ∈ C1(I, K ) be an antiderivative of λ, i.e. L′ = λ on I . Deﬁne
ψc : I → R by
ψc(x) := e
L(x)
∣∣∣∣∣
x∫
c
e−
L(t)ε(t)dt
∣∣∣∣∣. (2.1)
If c ∈ {a,b} then we suppose that the integral which deﬁnes ψc is convergent for every x ∈ I . Therefore ψc(c) = 0 for all
c ∈ I .
The following well-known lemma is useful in the proof of our stability results.
Lemma 2.1. The general solution of the equation
y′(x) − λ(x)y(x) = f (x), x ∈ I, (2.2)
is given by
y(x) = eL(x)
( x∫
x0
f (t)e−L(t) dt + k
)
(2.3)
where x0 ∈ I and k ∈ X is an arbitrary constant.
The ﬁrst result on Aoki–Rassias stability for a ﬁrst order linear differential equation is contained in the next theorem.
Theorem 2.2. For every y ∈ C1(I, X) satisfying∥∥y′(x) − λ(x)y(x) − f (x)∥∥ ε(x), x ∈ I, (2.4)
there exists a unique solution u ∈ C1(I, X) of Eq. (2.2) with the property∥∥y(x) − u(x)∥∥ψc(x), x ∈ I. (2.5)
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g(x) := y′(x) − λ(x)y(x) − f (x), x ∈ I. (2.6)
Then, according to Lemma 2.1, it follows
y(x) = eL(x)
( x∫
x0
e−L(t) f (t)dt +
x∫
x0
e−L(t)g(t)dt + k
)
, x0 ∈ I, k ∈ X .
Let G : I → X be given by
G(x) :=
x∫
c
e−L(t)g(t)dt, x ∈ I. (2.7)
If c ∈ {a,b} the integral which deﬁnes G is convergent since∥∥g(t)∥∥ ε(t) for all t ∈ I.
(See the remark after (2.1).)
Now let u be deﬁned by
u(x) := eL(x)
( x∫
x0
f (t)e−L(t) dt + k − G(x0)
)
.
Then obviously u satisﬁes Eq. (2.2) and we get
∥∥y(x) − u(x)∥∥= e
L(x)
∥∥∥∥∥
x∫
x0
g(t)e−L(t) dt + G(x0)
∥∥∥∥∥= e
L(x)∥∥G(x)∥∥
 e
L(x)
∣∣∣∣∣
x∫
c
∥∥e−L(t)g(t)∥∥
∣∣∣∣∣dt
 e
L(x)
∣∣∣∣∣
x∫
c
e−
L(t)ε(t)dt
∣∣∣∣∣
= ψc(x), x ∈ I.
Therefore the existence is proved.
Uniqueness. Suppose that for a y satisfying (2.4) there exist u1,u2, u1 = u2, satisfying (2.2) and (2.5). Then
u j(x) = eL(x)
( x∫
x0
f (t)e−L(t) dt + k j
)
, k j ∈ X, j = 1,2, k1 = k2,
and
e
L(x)‖k1 − k2‖ =
∥∥u1(x) − u2(x)∥∥

∥∥u1(x) − y(x)∥∥+ ∥∥y(x) − u2(x)∥∥
 2e
L(x)
∣∣∣∣∣
x∫
c
e−
L(t)ε(t)dt
∣∣∣∣∣
for all x ∈ I . Therefore
‖k1 − k2‖ 2
∣∣∣∣∣
x∫
c
e−
L(t)ε(t)dt
∣∣∣∣∣, x ∈ I. (2.8)
Now letting x → c in (2.8) it follows k1 = k2, contradiction. 
Theorem 2.2 leads to the following result for the Cauchy problem of Eq. (2.2).
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y(c) = C, x ∈ I,
there exists a unique solution u ∈ C1(I, X) of the Cauchy problem{
u′(x) − λ(x)u(x) − f (x) = 0,
u(c) = C, x ∈ I,
with the property∥∥y(x) − u(x)∥∥ψc(x), x ∈ I.
The result obtained in Theorem 2.2 is more general than the result of Lemma 2.2 in [5] and Theorem 1 in [12] since
it gives a better estimation of the difference between the approximate solution and the exact solution of Eq. (2.2). This is
obvious in the cases c = a and c = b, but for c ∈ (a,b) this better approximation is not always valid on the entire interval
(a,b). We will show in the next example that in some cases this estimation is global for c ∈ (a,b) and we will ﬁnd the
optimal ψc .
Example 2.4. Let θ ∈ R \ {0} and ε(x) = θ
λ(x), x ∈ I . Then
ψc(x) = |θ | ·
∣∣1− e
(L(x)−L(c))∣∣, x ∈ I.
First we consider the case θ > 0, i.e., 
λ(x) 0 for all x ∈ I . Then

L′(x) 0, x ∈ I,
hence 
L is increasing on I ,
ψc(x) = θ ·
{
e
L(x)−
L(c) − 1, x ∈ [c,b),
1− e
L(x)−
L(c), x ∈ (a, c),
and
‖ψc‖∞ = θ max
{
e
(L(b)−L(c)) − 1,1− e
(L(a)−L(c))}.
Obviously, if the real part of L is upper bounded, ‖ψc‖∞ is minimum for e
(L(b)−L(c)) − 1 = 1− e
(L(a)−L(c)) , i.e.
e
L(c) = e

L(a) + e
L(b)
2
.
The relation from above gives c˜ optimal, therefore the following estimation holds
‖y − u‖∞  ‖ψc˜‖∞,
where
‖ψc˜‖∞ = θ
(
e
(L(b)−L(c˜)) − 1)= θ · e
L(b) − e
L(a)
e
L(b) + e
L(a) ,
i.e.,
min
c∈I ‖ψc‖∞ = θ ·
e
L(b) − e
L(a)
e
L(b) + e
L(a) . (2.9)
The case θ < 0 leads analogously to
min
c∈I ‖ψc‖∞ = −θ ·
e
L(a) − e
L(b)
e
L(b) + e
L(a) ;
therefore for all θ ∈ R \ {0} we have
‖ψc˜‖∞ = |θ | · |e

L(b) − e
L(a)|
e
L(b) + e
L(a) .
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λ = 0. Then L(x) = λx and
‖ψc˜‖∞ = |θ | · |e
b
λ − ea
λ|
eb
λ + ea
λ . (2.10)
Taking now an arbitrary δ > 0 and θ = δ|
λ| it is easy to check that
‖ψc˜‖∞ < δ|
λ|
(
1− e−|
(λ)|(b−a))
if a,b ∈ R and
‖ψc˜‖∞ = δ|
λ|
if a = −∞ or b = +∞, therefore we improve the result obtained in [5, Corollary 2.4], along all interval I in the case of
classical Hyers–Ulam stability.
More precisely we have the following result.
Corollary 2.6. Suppose that λ ∈ C, 
λ = 0 and δ  0. Then for every y ∈ C1(I, X) satisfying∥∥y′(x) − λy(x) − f (x)∥∥ δ, x ∈ I,
there exists a unique solution of (2.2) such that
∥∥y(x) − u(x)∥∥
⎧⎨
⎩
δ
|
λ| · |e
b
λ−ea
λ|
eb
λ+ea
λ , if a,b ∈ R,
δ
|
λ| , if a = −∞ or b = +∞.
Example 2.4 and Corollary 2.4 from [5] do not give an answer to the stability problem of Eq. (2.2) in the case where λ
is a constant and 
λ = 0. We solve this problem in the next two theorems.
Theorem 2.7. Let a,b ∈ R, λ = αi, α ∈ R and y ∈ C1(I, X) such that∥∥y′(x) − αiy(x) − f (x)∥∥ δ, x ∈ I, (2.11)
for some positive δ. Then there exists u ∈ C1(I, X) such that
u′(x) − αiu(x) − f (x) = 0 for all x ∈ I
and ∥∥y(x) − u(x)∥∥ δ(b − a), x ∈ I, (2.12)
i.e., Eq. (2.2) is stable in Hyers–Ulam sense.
Proof. Deﬁne g(x) := y′(x) − αiy(x) − f (x), x ∈ I . Then
y(x) = eiαx
( x∫
x0
f (t)e−iαt dt +
x∫
x0
g(t)e−iαt dt + k
)
, x ∈ I,
where x0 ∈ I and k ∈ X . Let u be given by
u(x) = eiαx
( x∫
x0
f (t)e−iαt dt + k
)
, x ∈ I.
We get
∥∥y(x) − u(x)∥∥=
∥∥∥∥∥
x∫
x0
g(t)e−iαt dt
∥∥∥∥∥
∣∣∣∣∣
x∫
x0
δ dt
∣∣∣∣∣ δ(b − a), x ∈ I. 
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such that for every u ∈ C1(I, X) with the property u′(x) − αiu(x) − f (x) = 0, x ∈ I , we get
sup
x∈I
∥∥y(x) − u(x)∥∥= ∞, (2.14)
i.e., the equation is not stable in Hyers–Ulam sense.
Proof. Let y be a solution of the equation
y′(x) − αiy(x) − f (x) = δeiαxk, x ∈ I,
where k ∈ X is ﬁxed, with ‖k‖ = 1.
According to Lemma 2.1, y is given by
y(x) = eiαx
( x∫
x0
f (t)e−iαt dt + δ(x− x0)k + k1
)
, k1 ∈ X, x ∈ I,
and an arbitrary solution u of (2.2) for λ = αi is of the form
u(x) = eiαx
( x∫
x0
f (t)e−iαt dt + k2
)
, k2 ∈ X, x ∈ I.
The relation (2.13) is satisﬁed, but
sup
x∈I
∥∥y(x) − u(x)∥∥= sup
x∈I
∥∥δ(x− x0)k + k1 − k2∥∥= ∞. 
Remark 2.9. According to Theorem 2.2, Eq. (2.2) is stable in Aoki–Rassias sense in this context, with ψ(x) = δ|x− c|. Theo-
rem 2.8 shows that if the stability is achieved with a certain function ψ˜ , then
sup
x∈I
∥∥ψ˜(x)∥∥= ∞.
3. Stability of the linear differential equation of higher order
The results proved in the previous theorems and corollaries lead to stability of the linear differential equation with
constant coeﬃcients. We will improve in what follows the results obtained in [16] and [5] for this equation. Suppose that
(X,‖ · ‖) is a Banach space over C and a0,a1, . . . ,an−1 ∈ C, n  1, are given numbers. We study the stability of the linear
differential equation
y(n)(x) −
n−1∑
j=0
a j y
( j)(x) = f (x), x ∈ I. (3.1)
Let
P (z) = zn −
n−1∑
j=0
a j z
j (3.2)
be the characteristic polynomial of Eq. (3.1) and denote by r1, r2, . . . , rn the complex roots of (3.2). For λ ∈ C and c ∈ [a,b]
deﬁne
φλ(h)(x) := e
(λ)x
∣∣∣∣∣
x∫
c
e−
(λ)th(t)dt
∣∣∣∣∣, x ∈ I, (3.3)
for all h with the property that the integral from the right-hand side of (3.3) is convergent. We suppose that φrk ◦ φrk−1 ◦· · · ◦ φr1(ε) exist for every k ∈ {1,2, . . . ,n} if c = a or c = b.
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n−1∑
j=0
a j y
( j)(x) − f (x)
∥∥∥∥∥ ε(x), x ∈ I, (3.4)
there exists a solution of Eq. (3.1) such that∥∥y(x) − u(x)∥∥ φrn ◦ φrn−1 ◦ · · · ◦ φr1(ε)(x), x ∈ I. (3.5)
Proof. The proof by induction is analogous to the proof of Theorem 2.3 in [5].
For n = 1, Theorem 3.1 holds in virtue of Theorem 2.2.
Now suppose that Theorem 3.1 holds for an n ∈ N. We have to prove that for all y ∈ Cn+1(I, X) satisfying the relation∥∥∥∥∥y(n+1)(x) −
n∑
j=0
a j y
( j)(x) − f (x)
∥∥∥∥∥ ε(x), ∀x ∈ I, (3.6)
there exists a solution u ∈ Cn+1(I, X) satisfying
u(n+1)(x) −
n∑
j=0
a ju
( j)(x) − f (x) = 0, ∀x ∈ I, (3.7)
such that∥∥y(x) − u(x)∥∥ φrn+1 ◦ φrn ◦ · · · ◦ φr1(ε)(x), ∀x ∈ I. (3.8)
Let y ∈ Cn+1(I, X) be a mapping satisfying (3.6). According to Vieta’s relations we get∥∥y(n+1)(x) − (r1 + · · · + rn+1)y(n)(x) + · · · + (−1)n+1r1r2 · · · rn+1 y(x) − f (x)∥∥ ε(x)
or ∥∥(y(n+1)(x) − rn+1 y(n)(x))− (r1 + · · · + rn)(y(n)(x) − rn+1 y(n−1)(x))+ · · ·
+ (−1)nr1 · · · rn
(
y′(x) − rn+1 y(x)
)− f (x)∥∥ ε(x), x ∈ I. (3.9)
Let z be given by
z := y′ − rn+1 y.
Then (3.9) becomes∥∥z(n)(x) − (r1 + · · · + rn)z(n−1)(x) + · · · + (−1)nr1 · · · rnz(x) − f (x)∥∥ ε(x)
for all x ∈ I . Therefore, in virtue of the induction hypothesis, there exists a v such that
v(n)(x) − (r1 + · · · + rn)v(n−1)(x) + · · · + (−1)nr1 · · · rnv(x) = f (x), x ∈ I,
and ∥∥z(x) − v(x)∥∥ φrn ◦ · · · ◦ φr1(ε)(x), x ∈ I,
which is equivalent to∥∥y′(x) − rn+1(x)y(x) − v(x)∥∥ φrn ◦ · · · ◦ φr1(ε)(x).
Taking account of Theorem 2.2 it follows that there exists a unique mapping u ∈ C1(I, X) such that
u′(x) − rn+1u(x) − v(x) = 0, x ∈ I, (3.10)
and ∥∥y(x) − u(x)∥∥ φrn+1 ◦ φrn ◦ · · · ◦ φr1(ε)(x), x ∈ I.
Finally taking into account the properties of u and v it follows that u satisﬁes (3.7). The theorem is proved. 
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rk = 0,
1 k n. Then for every mapping y ∈ Cn(I, X) satisfying the relation∥∥∥∥∥y(n)(x) −
n−1∑
j=0
a j y
( j)(x) − f (x)
∥∥∥∥∥ δ, x ∈ I,
there exists a solution u ∈ Cn(I, X) of the equation
y(n)(x) −
n−1∑
j=0
a j y
( j)(x) − f (x) = 0, x ∈ I,
such that∥∥y(x) − u(x)∥∥ L
where
L =
⎧⎨
⎩
δ ·∏nk=1 1|
rk| · |eb
rk−ea
rk |eb
rk+ea
rk , if a,b ∈ R,
δ∏n
k=1 |
rk| , if a = −∞ or b = +∞.
Proof. The proof follows analogously to the proof of Theorem 3.1 taking account of Corollary 2.6. 
Remark 3.3. The uniqueness of the solution u in Theorem 3.2 holds if its characteristic polynomial P has not pure imaginary
roots and I = R (see [16]).
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